We present a semi-empirical effective Hamiltonian to capture effects of disorder associated with Ba and Sr cations occupying A sites in (BaxSr1−x)TiO3 on its ferroelectric phase transition. Averaging between the parameters of first-principles effective Hamiltonians of end members BaTiO3 and SrTiO3, we include a term with an empirical parameter to capture the local polarization and strains arising from the difference between ionic radii of Ba and Sr. Using mixed-space molecular dynamics of the effective Hamiltonian, we determine T -dependent ferroelectric phase transitions in (BaxSr1−x)TiO3 which are in good agreement with experiment. Our scheme of determination of semi-empirical parameters in effective Hamiltonian should be applicable to other perovskite-type ferroelectric solid solutions.
I. INTRODUCTION
Barium (Ba) and strontium (Sr) belong to the same column of the periodic table and are chemically very similar. However, ternary perovskites ABO 3 based on Ba and Sr at their A site can be quite different in their properties: barium titanate (BaTiO 3 ) is ferroelectric at room temperature, while strontium titanate (SrTiO 3 ) is paraelectric. It is thought that this is largely because of the difference in their ionic radii 1 , r Ba = 1.61Å and r Sr = 1.44Å. It can be more understandable through the tolerance factor 2 defined as
where, r A , r B , and r O are ionic radii of cation A = Ba
2+
or Sr 2+ , cation B = Ti 4+ , and O 2− , respectively. t = 1.062 for BaTiO 3 means that the B-site Ti ion is too small for its site, the ion can shift off-centeringly, leading to the occurrence of displacive-type ferroelectricity in the crystal 3 . t is almost unity (t = 1.002) for SrTiO 3 , indicating that there is no room for ions to move, ideal cubic perovskite structure become stable at room temperature, and indeed SrTiO 3 does not show ferroelectricity down to the absolute 0 K. Experimentally, at low temperature (T < 106 K), SrTiO 3 exhibits very small rotational shift of oxygen octahedra (≈ 1.6
• ) and results in antiferrodistortive I4/mcm structure 4 . At very low temperatures, intrinsic quantum paraelectricity 5 is also found in SrTiO 3 .
It has been found experimentally 6, 7 that the three transition temperatures of BaTiO 3 , cubic ↔ tetragonal T C↔T , tetragonal ↔ orthorhombic T T↔O , and orthorhombic ↔ rhombohedral T O↔R decrease almost linearly, when Ba composition x of (Ba x Sr 1−x )TiO 3 is reduced from 1. Around pure SrTiO 3 (x < 0.094), it is known that the solid solution becomes almost cubic, or more precisely, antiferrodistortive I4/mcm structure with very small atomic displacements.
Perovskite-type ferroelectric solid solutions such as (Ba x Sr 1−x )TiO 3 are of great interest in the field of dielectrics, since many commercial high-dielectric-constant material structures consist of such solid solutions 8 and the composition parameter (x here) is adjusted to get desired properties. Therefore, offering a recipe of computational simulations of such solid solutions is important.
In 2006, Walizer et al. presented 9 Monte Carlo simulations with an effective Hamiltonian determined from first-principles calculations of (Ba 1/2 Sr 1/2 )TiO 3 within a virtual crystal approximation (VCA) and local inhomogeneous strains determined from fully disordered ionic configurations of Ba and Sr of (Ba x Sr 1−x )TiO 3 . They successfully reproduced the temperature-composition (T -x) phase diagram, though with a large underestimation of polarization. That underestimation basically came from a local-density approximation (LDA). Moreover, because local inhomogeneous strains around each site were fixed in their analysis and were not allowed to fluctuate thermally, temperature dependence of the effect from ionic configuration was not so clear.
Here, we newly determine a set of parameters for an effective Hamiltonian for (Ba x Sr 1−x )TiO 3 from more accurate first-principles calculations, and perform moleculardynamics (MD) simulations. In our MD simulations, local inhomogeneous strains around each site are not fixed but can fluctuate thermally. We report not only a temperature-composition (T -x) phase diagram, but also the dependence of polarization and lattice constants on composition.
In Sec. II, we briefly describe the first-principles methods we employ and the formalism and conditions of our MD simulations. In Sec. III, we present results of our MD simulations, and finally summarize our work in Sec. IV.
II. METHODS OF CALCULATION AND FORMALISM

A. First-Principles Methods
Our first-principles calculations are based on the density functional theory (DFT) as implemented in ABINIT code [10] [11] [12] 
where the phase space of atomic motion is reduced to a subspace spanned by local soft mode vectors u(R) and local acoustic displacement vectors w(R) of each unit cell at R in a simulation supercell. η 1 , . . . , η 6 are the six components of homogeneous strain in Voigt notation (η 1 = e xx , η 4 = e yz ). is the local-mode self-energy, V dpl ({u}) is the longrange dipole-dipole interaction, V short ({u}) is the shortrange harmonic interaction between local soft modes, V elas, homo (η 1 , . . . , η 6 ) is the elastic energy from homogeneous strains, V elas, inho ({w}) is the elastic energy from inhomogeneous strains, V coup, homo ({u}, η 1 , . . . , η 6 ) is the coupling between the local soft modes and the homogeneous strain, and V coup, inho ({u}, {w}) is the coupling between the soft modes and the inhomogeneous strains. Detailed explanation of symbols in the effective Hamiltonian can be found in Refs. 18, 19, and 20 . To decrease the computational time, forces exerted on {u} are calculated in reciprocal space using fast-Fourier transform (FFT) methods 18, 21, 22 .
A: Ba or Sr
(Color online) Schematic illustration of perovskite-type crystal structure of (Ba,Sr)TiO3. s(R) = −8, −6, −4, −2, 0, +2, +4, +6, +8 of Eq. (3) is the number of Ba (+1) or Sr (−1) ions at eight A-sites surrounding a given B-site at R.
C. Effects of A-site Ordering with Ba or Sr Ions
To include the effects of alloying Ba and Sr with different ionic radii, according to Ref. 9 , we count the number of Ba or Sr ions at the 8 A-sites surrounding a given B-site at R,
as shown in Fig. 1 , where σ i = +1 or −1 corresponds to the presence of a Ba or Sr ion, respectively. Consequently, value of s(R) ranges −8, −6, −4, −2, 0, +2, +4, +6, +8. In contrast to Ref. 9 , we introduce a term for modulation in local inhomogeneous strains by adding
to H eff of Eq. (2). Here, c is strength of the modulation, N is the number of unit cells in the supercell, k is wave vector, w * α (k) is complex conjugate of Fourier transform of w(R), s(k) is Fourier transform of s(R). To simplify the computation, V modulation,inho ({w}, {s}) is calculated in reciprocal space.
Effective hydrostatic pressure of
is applied to capture the homogeneous strain that alters the lattice constants as a function of x, because the modulation of Eq. (4) does not include alternation of the homogeneous strain. Here, b is a constant. Temperaturedependent negative effective pressure p = −0.005T GPa for BaTiO 3 , which was applied in Ref. 17 to mimic thermal expansion, is not applied in present work.
In the present MD simulations, only the parameters V modulation,inho ({w}, {s}) and p are x-dependent, and other parameters in the effective Hamiltonian of Eq. (2) are kept constant. Such simplification can be successfully employed because Ba and Sr are chemically very similar and different only in their ionic radii. Determination and exact values of the parameters c and b will be discussed in Sec. III B.
D. Molecular-Dynamics (MD) Simulations
MD simulations of (Ba x Sr 1−x )TiO 3 (x = 0.0, 0.1, . . . , 0.9, 1.0) with the effective Hamiltonian are performed with our original MD code feram 23 . Input files for present simulations are in its free software package of feram-0.26.01/src/34example-BST/, and details of the code can be found in Ref. 18 . Temperature is kept constant in each temperature step of simulation within a canonical ensemble using the velocity-scaling thermostat for both {u} and {w} with the time step of ∆t = 2 fs. We use a supercell with size of N = L x ×L y ×L z = 32×32×32 unit cells and temperature steps of ±1 K/step in heatingup and cooling-down simulations. In every temperature step, we thermalize the system for 20,000 time steps, after which we use 20,000 time steps to average the properties. The initial configurations of {u} are generated randomly: u α = 0.11Å (α = x, y, z) for heating-up simulations, u α = 0.00Å for cooling-down simulations, and variance of u 2 α − u α 2 = (0.02Å) 2 for the both. In the initial configurations, {w} are set to zero. We have checked that the results of these simulations do not depend on initial configurations. A set of s(R) for each x of (Ba x Sr 1−x )TiO 3 is generated from random configurations of xN Ba and (x − 1)N Sr ions.
III. RESULTS AND DISCUSSION
A. Results of First-principles Calculation and
Determination of Parameters of H eff of (Ba 1/2 Sr 1/2 )TiO3
Using the systematic procedure described in Ref. 17 , we perform first-principles calculations to determine a set of parameters of H eff for SrTiO 3 (See Table I Table I ). It is found that this set of parameters indeed reproduces the three transition temperatures of (Ba 1/2 Sr 1/2 )TiO 3 as depicted in Fig. 2(a) .
In contrast to the parameters in effective Hamiltonian of Ref. 9 obtained using LDA-based VCA, the present procedure gives improved estimation of equilibrium cubic lattice constant a 0 , and allow simple analysis of the effects of cationic disorder on ferroelectric transitions (See Table I ). When s(R) = ±8, local inhomogeneous strains of
minimize the energy:
Here, a BTO = 3.986Å is the calculated cubic lattice constant of BaTiO 3 , a STO = 3.901Å is that of SrTiO 3 , and a BST = (a BTO + a STO )/2 = 3.944Å , and B 11 , B 12 , and B 44 are the elastic constants of (Ba 1/2 Sr 1/2 )TiO 3 expressed in energy unit (B 11 = a Sr 1/2 )TiO 3 for which the largest influence of disordered ionic configurations has to be expected. We find lower transition temperature between orthorhombic and rhombohedral structures, i.e. T O↔R , for larger |c|. The other two transition temperatures T C↔T and T T↔O remain almost unchanged. This may be because T O↔R is the lowest transition temperature among the three, and local inhomogeneous strains around each site are almost frozen into the lowest energy structure. However, the difference in T O↔R between c = 0 and c = −0.279 eV is only 3 K. In Fig. 2(d) , we find strange behavior in tetragonal phase for c = −1.0 which may be unrealistically negatively large.
We first set the constant b in the effective pressure of Eq. (5) so that average lattice constant becomes the same as BaTiO 3 for x = 1.0 and SrTiO 3 for x = 0.0 as
where K = (B 11 + 2B 12 )/(3a 3 BST ) is bulk modulus. However, b = 11.65 [GPa] gives too high transition temperatures for x = 1, i.e. BaTiO 3 . Therefore, we determine this b empirically, as b = 6.0 [GPa] . The reason for this may be the overestimation of the coupling between homogeneous strain and polarization.
C. Results of Molecular-Dynamics Simulations
Using the set of parameters determined above, we perform heating-up and cooling-down MD simulations. In Fig. 3 , a calculated temperature-composition (T -x) phase diagram is presented. Heating-up and coolingdown transition temperatures are averaged when corresponding transition has temperature hysteresis between the heating-up and cooling-down simulations.
For x > 0.25, the almost linear x-dependence of all three transition temperatures is well reproduced by our approach. For x below 0.25 the experimentally observed transition temperatures decrease with a larger slope and the alloy is no longer ferroelectric 7 for x < 0.094. In this concentration range of x < 0.25, the antiferrodistortive Two experimental results by Lemanov et al. 6 and Mńoret et al. 7 are also plotted for comparison.
instability found in pure SrTiO 3 may play an important role and the instability reduces transition temperatures non-linearly, and finally for pure SrTiO 3 the system is a quantum paraelectric. Both effects are not accessible in our classical MD simulations neglecting rotations of octahedra. Simulated x-dependence of lattice constants a and c at room temperature (300 K) is compared with experimental values 8 in Fig. 5 . Though the absolute values have good agreement, more moderate x-dependence of lattice constants of our simulations than the experiment is coming from the empirical correction to b from 11.65 to 6.0 GPa used here. Overestimation of c/a of this MD simulation is coming from the error in first-principles calculations and unavoidable within current techniques of DFT theories 24 . Simulated x-dependence of polarization |P | is also compared with the experimentally observed values 7 in Fig. 5 . It is seen that our simulation slightly overestimates |P | for the whole range of x and for any phases, but trends for x > 0.094 are quite reasonable. The main reason for this may come from the unavoidable overestimation of c/a and resulting overestimation of |P | in firstprinciples calculations. Moreover, as shown in Fig. 6 , true dipole moment per unit cell P (u) deviates from lin- earity at large u both in BaTiO 3 and SrTiO 3 , and it may also explain the overestimation of |P | in Fig. 5 . In  Fig. 6 , true dipole moment as a function of u for atomic displacements along [001] distortion calculated with the Berry-phase theory 25 is compared with Z * u in H eff of Eq. (2).
IV. SUMMARY
In this work, we presented a new set of parameters of an effective Hamiltonian for (Ba x Sr 1−x )TiO 3 solidsolution with input largely from the results of firstprinciples calculations, including the modulation in local inhomogeneous strains due to Ba:Sr disorder. Using heating-up and cooling-down MD simulations we have obtained x − T phased diagram. Though two parameters have been determined semi-empirically, results of our simulations and experimentally observed values are in good agreement for the dependence of transition temperatures, lattice constants a and c, and polarization on composition x. It is found that x-dependent properties of (Ba x Sr 1−x )TiO 3 are determined mainly through the change in homogeneous lattice constants and that influence of modulation on local inhomogeneous strains is relatively weak.
Our procedure of first-principles calculations, determination of parameters, and MD calculations should be applicable to other perovskite-type ferroelectric solid solutions such as (K,Na)NbO 3 , (Ba,Sr,Ca)TiO 3 , etc. 
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